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Abstract 

We show that a sufficiently large graph of bounded degree can be de- 
composed into quasihomogeneous pieces. The result can be viewed as a 
"finitarization" of the classical Farrell-Varadarajan Ergodic Decomposi- 
tion Theorem. 

1 Introduction 

In order to state our result we need to recall some basic definitions. Let Graph d 
denote the set of all connected finite simple graphs G (up to isomorphism) for 
which deg(a;) < d for every x £ V(G). For a graph G and x,y £ V(G) let 
do(x,y) denote the distance of x and y, that is the length of the shortest path 
from x to y. A rooted (r, d)-ball is a graph G 6 Graph d with a marked vertex 
x e V(G) called the root such that dc{x,y) < r for every y € V(G). By U r ' d 
we shall denote the set of rooted (r, d)-balls (up to rooted isomorphism) . 

If G € Graph d is a graph and x £ V(G) then B r (x) £ U r,d shall denote 
the rooted (r, d)-ball around x in G. For any a £ U r,d and G £ Graph d we 

define the set T(G,a) = f {x £ V(G) : B r (x) S a} and let p G (a) d = 'fff^f 1 - 
Fix an enumeration of all possible (r, d)-balls, for every r > 1: (ai, CV2, . . . ). Let 
us define the statistical distance of two graphs G and H as 

oo 

d s (G,H)=J2^\PG(a. l )-p H (a l )\. 

i=i 

It is easy to see that d s (G, H) defines a metric on Graph d . We define d s for not 
necessary connected graphs as well. In this case d s defines a pseudo-distance. 
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Remark 1.1 Note that if F\, Fi,. . . F)~ are finite connected graphs then for any 
e > there exists a S > such that if d s (G,H) < 6 then for any 1 < i < k 
\dens(Fi,G) — dens(Fi,H)\ < e, where 

the number of subgraphs of G isomorphic to Fi 
dens(F u G) = _ . 

The number dens(Fi,G) is called the "sparse" Fi-density of G. 

If J C G is a spanned subgraph then E(J, G\J) denotes the number of edges 
between the vertices of J and G\J. The following is our key definition. 

Definition 1.1 G E Graph d is called (e, X, 5)-quasihomogeneous, if for any 
spanned subgraph H C G such that 

. X < glg)j 

\V(G)\ 

• E(H,G\H) < e\V(G)\ 
we have d s (G,H) < S. 

Informally speaking G is " quasihomogeneous" if for any large enough spanned 
graph H which is connected to G\H by only a small amount of edges, the 
subgraph densities of G and H are very similar. Now let us recall the regularity 
lemma of Szemeredi for dense graphs. Let G be a graph and X C V(G), 
Y C V(G) be disjoint subsets. The density of the pair X,Y is 

P (X,Y):= l^ffl, 
1^11*1 

The pair X, Y is called e-quasirandom if for any subsets A C X, B C Y, 
\A\ > e\X\, \B\ > e\Y\ 

\p(A,B)-p{X,Y)\<e. 

Now we have a similar subgraph counting principle as in Remark 11.11 If F\ , 
i*2v • ■ j Fk are fixed simple connected graphs then for any 7 > there exists a 
e > such that if X, Y is a e-quasirandom pair, and A,B are subsets as above 
then for any 1 < i < k: 

Idensity^, E(X, Y)) - density( J F 1 J , E(A, B))\ < 7, 

where 

the number of subgraphs of G isomorphic to Fi 



density (Fi, G) = 



\V(G)\W 



The number density (Fi, G) is called the i^-density of G. That is quasiran- 
domness also implies a certain kind of quasihomogeneity. According to the 
Szemeredi Regularity Lemma for any e > there exists K(e) > ~ and iV(e) > 1 
such that for any graph G with |^(G)| > N(e) one can remove e|V(G)| 2 edges 
from G such that the vertices of the remaining graph G' can be partitioned into 
i < K < K(e) parts (of almost equal size) V(G') = V(G[)UV(G' 2 )U- ■ •UF(G' Jf ) 
and all pairs (G'i,G'j) are e-quasirandom. Our main theorem might be consid- 
ered as a bounded degree analogue of the Szemeredi Regularity Lemma: 
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Theorem 1 For every S > 0, A > there exist positive integers K = K(5, A), 
JV = N(5, A) and a positive constant e = e(5, A) < S for which the following 
hold: 

a) IfGE Graph d is a finite connected graph that has at least N vertices, then 
it can be partitioned into K + 1 disjoint graphs G = G\ U G2 U . . . Gk U G$ 
by deleting at most 8\E(G)\ edges such that 

• G$ is an edge-less graph, \y(Q-J\ ^ < ^ 

• Either ^Tym$ > wjk or ^(^») * s em Pty- 

• All non-empty parts are (e, A, 5)-quasihomogeneous. 



b) For any a > there is a r > swc/i that whenever d s (G,H) < t then 



there exist partitions for which d s {Gi, Hi) < a ano 
for all i 's where either Gi or Hi is non-empty. 



\V(Gj)\ _ \V(H % )\ 
\V(G)\ \V(H)\ 



< a 



The second statement of the theorem can be interpreted that if two graphs are 
close in terms of "sparse" subgraph densities then they have similar quasiho- 
mogeneous partitions. One should note that according to the result of Borgs, 
Chayes, Lovasz, T.Sos and Vesztcrgombi [3] if two dense graphs are close in 
terms of their subgraphs densities then they have similar Szemeredi parti- 
tions. The proof of the theorem is based on a "fmitarization" of the Farrell- 
Varadarajan Ergodic Decomposition Theorem. The necessary background on 
ergodic theory and its connections to graph theory shall be surveyed in Section 
[2j The proof of Theorem [T] shall be given in Section [4] 



2 Ergodic theory 



2.1 Borel equivalence relations and invariant measures 

In this subsection we recall some basic notions from Chapter I. of [5] on 
countable Borel equivalence relations. Let X be a compact metric space. 
E C X x X is a countable Borel equivalence relation if all the equivalence 
classes are countable and E is a Borel subset of X x X. Typical example of a 
Borel equivalence relation is the orbit equivalence relation of a Borel action of a 
countable group. As a matter of fact according to the theorem of Feldman and 
Moore any Borel equivalence relation can be described this way. A Borel prob- 
ability measure /1 on X is _E-invariant if its invariant under a countable group 
action that defines E. Note that in this case /i is invariant under all the group 
action that defines E. Equivalently, fi is invariant if for any Borel isomorphism 
/ : X -> X f»(ji) = (j,, that is if A C X is a Borel-set then = (J,(A). 

The space of invariant probability measures is denoted by 2e ■ A measurable set 
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A C X is called ^-invariant if for any x £ A and y £ X, x ^e U- y £ A. The 
invariant measure /i is called ergodic if the /i-measure of any invariant set is ei- 
ther or 1. The space of ergodic probability measures is denoted by £Xe- Note 
that the set of probability measures on X, P{X) is compact convex set of the 
topological vectorspace of all measures in the weak-topology (Banach-Alaoglu 
Theorem). The space Ie is a convex subset of P(X) and £Xe can be identified 
as the set of extremal points in Xe- 

Our main tool will be the following well known result (see e.g. [5]): 

Proposition 2.1 (Ergodic Decomposition Farrell, Varadarajan) Let 

E be a countable Borel equivalence relation on X . Then Xe , £Ie are Borel sets 
in the standard Borel space P(X) of probability measures on X. Now suppose 
Xe ^ 0- Then EXe ^ 0, and there is a Borel surjection tt : X — > £Xe such that 

a) 7r is E -invariant, 

b) if X e = {x : tt(x) — e\, then e(X e ) = 1 and E\X e has a unique invariant 
measure, namely e, and 

c) if[i£XE, then [i — J n(x)dfj,(x). 

Moreover, tt is uniquely determined in the sense that, if it' is another such map, 
then {x : tt(x) ir'(x)} is null with respect to all measures in Xe- 

We need a simple observation on the space P(X). The space P(X) is metrizable 
in the weak-topology by 

oo 1 

d x (n, v) := 7^10 - v)(fn)\ , 

n=l 

where {f„}^Li is a countable dense set in the unit ball of C(X) (the space of 
continuous functions). Here fj.(f) denotes J / d\i. 

Lemma 2.1 

• If \i n — » ju,, v n — > v in P(X) and X n — ► A in M then AnMn + (1 — 
A„)f„ ->■ A/U + (1 - \)v. 

• IfTc P(X) is an arbitrary subset then if p is in the convex hull ofT (the 
closure of the finite convex combinations in T) then dx (p, T) < diam{T) . 
That is: 

diam(hullT) < 3diam(T) . 

Proof. The first statement is a straightforward consequence of the definition 
of weak convergence. Now let w, Vi, V2, ■ ■ ■ , i>& £ T, Aj > 0, Yl%=i = 1- ^ is 
enough to prove that 

k k 

»=i »=i 
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k oo - k 

dx{^2\iVi,w) = ^2 2^i((X! XtV ^ ~ w )(f»)\ - 

i— 1 n— 1 i—1 

\ ^ k k :\. - 

n— 1 i—1 i—1 n— 1 



2.2 Borel-graphings 

Let X be a standard Borel-space and R C X 2 be a Borel-set which is a sym- 
metric and irreflexive relation. This structure is called a Borel-graphing and 
denoted by Q — [X , TV). If xRy then we say that x ~ y is an edge of C?. Let 
r be a discrete group acting on a space X in a Borel way and let S be a gen- 
erating system of L. Let x and ?/ be in relation R it x ^ y and sx = y for 
some s G 5. Then i? is a Borel-graphing. The connected components of Q are 
countable graphs on the orbit of the T-action. We shall use the following result 
of Kechris, Solecki and Todorcevic [BJ: Any Borel-graphing with vertex degree 
bound d has a Borel-coloring by d + 1-colors. That is there is a partition of X 
into d + 1 Borel pieces such that if two points are in the same piece, then they 
are not adjacent in Q. 



2.3 Limits of graph sequences 

In this subsection we briefly recall the notion of weak graph convergence 
from [2]. A graph sequence G = {G n }^ =1 C Graph d is weakly conver- 
gent if lim^oo |y(G„)| = oo and for every r and every a 6 U r ' d the limit 
lim„ 

PG n ( a ) exists. 

Let Gr^ denote the set of all countable, connected rooted graphs G for which 
deg(x) < d for every x G V(G). If G,H G Gr d let d g (G, H) = 2~ r , where r is 
the maximal number such that the r-balls around the roots of G resp. H are 
rooted isomorphic. The distance d g makes Gr^ a compact metric space. Given 
an a G U r ^ d let T(Gr d ,a) = {(G,x) G Gr d : B r (x) ^ a}. The sets T(Gr d ,a) 
are closed open sets that generate the Borel structure of Gr^. 
We can equip Gr^ with an equivalence relation E: two rooted graphs G, H are 
equivalent (G ~e H) if they are isomorphic as graphs (but this isomorphism 
need not respect the root). It is easy to see that E is a countable Borel equiv- 
alence relation. Also, convergent graph sequences define a limit measure /iq 
on Grd, where /iG(T(Grd,a)) = lim n _ >c>0 pG n (a). Note however that ju is not 
necessary an invariant measure on Gr,;. That is why we need the notion of 
G-graphs. 



2.4 C-graphs and the space CGr^ 
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In this subsection we extend our definitions for edge-colored graphs. A C- 
graph is a graph with edges properly colored by the set ci, c%, ■ ■ ■ , c fd 2 +1 >. That 

\ 2 ) 

is each edge is labeled by an element of {ci, c%, . . . , c /d 2 +1 A and incident edges 

2 2 

are labeled differently The reason why we use ( d 2*" 1 ) colors will be made clear 
in the last section. We shall denote by C-Graph d the set of finite connected 
C-graphs (up to colored isomorphisms). 

Let V r ' d be the set of rooted (r, d)-balls edge-colored by {a,C2, ■ ■ ■ ,c, d 2 +1 A. 

\ 2 ) 

Note that we consider two such rooted C-graphs isomorphic if there is a rooted 
isomorphism between them preserving the colors. Again, for CG G C-Graph d 

and [3 G V r ' d we define the set T(CG,0) d = {x G V{CG) : B r {x) S /?} and 

def \T(CCr l3}\ 

let pcg{(3) = |v-(cg)| ■ We define the statistical distance of two C-graphs CG 
and CH as 

4(CG, Cff) = ]T ^bcc(A) - pot (ft) I, 

i=l 

where {(3\, 02> ■ ■ • ) is an enumeration of all the edge-colored (r, (f)-balls, for all 
r > 1. 

Let CGrd be the isomorphism classes of all connected countable rooted C- 
graphs with vertex degree bound d. For (3 G V^ r ' d let us define T(CGrd,/3) = 
{x 6 CGrd : B r (x) = a}. Again, we have a natural metric on CGr^. If 
A, Y G CGr d then 

d c (X,Y) = 2- r , 

where r is the maximal number such that B r (x) = B r (y) , where x is the root of 
A, y is the root of Y. The subsets T(CGr d , (3) : (3 G r G N are closed-open 
sets and generate the Borel-structure of CGr^. 

Let {CG n }^ =1 be a sequence of C-graphs. We say that {CG n }^Li converges if 
for any (3 G V r ' d , lim„_ >00 pcc„ (fl) = /i(T(CGr,i, (3)) exists. In this case ^ is a 
Borel-measure on CGr d . We call [i the limit measure of \CGn)^ = \- 

Remark 2.1 We introduce a metric for P(CGr d ) the following way. Let 
{(3i, /?2, ■ ■ ■ } be an enumeration of the classes V r,d , r > 1. Let 

d C dr d M := 2iMT(CGr d) ft) - v{T{CGr d ,^)\ . 

z=l 

Clearly dcGr d metrize the weak-topology of P{CGr c i). Also, (j,(T(CGrd), /%)) = 
J CGrd ^T(CGr d ./3i) d/J,, hence Lemma \2.1\ applies. Note that there is a natural 
forgetting map ^ : CGrd — ► Gr d . Again we can consider an enumeration 
(oti, ct2, ■ ■ ■ ) of the classes U r ' , r > 1 as in the Introduction. Let 

d Grd (n, v) := ^HT(Gr d , a,) - v(T{Gr dl a-)\ . 
i=l 

T/ie distance dcr d metrize the weak-topology of P(Gr d ). By compactness, for 
any e > 0, there exists S > such that if dcGr d (fJ-, v) < 5 then dG rd (^> '±[1, ty+i 1 ) < 
e. 
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Also note that for any finite C -graph CG one can associate a measure on 
CGrd concentrated on finitely many points. Simply define ficG(T(CGrd, [3)) := 
Pcg{P) for any (3 G V r,d . The same way for any finite graph G one can associate 
a measure fiQ on Gr c i- Notice that 

d s (G,H) = d Grd {ii G ,pi H ) . 

Thus the statistical distance is just the distance of the two associated measures 

d s (CG, CH) = dcGrA^CGiUCH) ■ 

In other words, weak convergence of graphs actually means the weak convergence 
of the associated measures. Note that if G is a finite graph and G is the graph 
consisting of 2 disjoint copies of G then fiQ = fiQ' ■ 

The equivalence relation E can be extended to CGr^ in an obvious way. 
We shall denote this Borel-equivalence relation by Eq- However in this case, 
we have a natural continuous group action that defines the equivalence relation. 

Namely, let F 2 d2+1 * be the the free product of ( d ^) elements of order 2, with 

( 2 J 

generators {c±, C2, . . . , c, d 2 +1 A. The generators act on CGr,j the obvious way 

V 2 j 

: If CG is an element of CGr^ with root x and Cj is a generator, then a(CG) 
has the same graph as CG but with root y, where y is the endpoint of the 
edge colored by Cj (if there is no such edge, then CG is fixed by Cj). Obviously, 
this action of F?,, 2 , is continuous and the orbits of the action are exactly 

the equivalence classes. Since the action is continuous, the space of invariant 
measures Xc is compact. Note that any finite C-graph CG defines an invariant 
point-measure, hence all the limit measures are invariant measures. This is the 
advantage of using C-graphs instead of colorless graphs. 

Remark 2.2 It is worth to mention that connected finite C-graphs always de- 
fine ergodic measures and it is easy to construct sequence of connected finite 
graphs converging a non- ergodic limit measure. 

In Section O we shall prove that if {G n } is a convergent graph sequence then 
we have a convergent sequence {CG n } of ( d 2*" 1 ) -colorings of {G n }. 

3 The Three Lemmas 

The three ingredients of our proof of Theorem Q] are the Stability Lemma, the 
Decomposition Lemma and the Homogeneity Lemma. 

3.1 The Stability Lemma 

The edit distance ed(G, H) of two graphs G, H on the same set of vertices is 
the minimum number of edges that has to be deleted from the graphs to make 
them identical, divided by the number of vertices. The edit distance can also 
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be interpreted for C-graphs the same way, except here we require that the two 
graphs become labeled-identical after the removal of the edges. 

Lemma 3.1 (The Stability Lemma) 

a) For any u > there is a e > such that ed(G, H) < e implies d s (G, H) < 
to for all graphs G, H. 

b) For any u > there is a e > such that ed(CG,CH) < e implies 
d s (CG,CH) < lj for all C-graphs CG, CH. 

Proof. We prove the first part here, the proof of the second part is basically 
identical. Let us suppose that ed(G,H) < e. Let us fix a natural number r. 
Those vertices that have different r-neighborhoods in G and H must be "close" 
to a deleted edge in one of the graphs. Thus an upper estimate for the number 
of such points is 2 • 2dne ■ cT^ 1 . Thus if a e U r ' d then 

\pa(u) -Ph{ol)\ < 4eTe. 

Let us choose iq so that 1/2 I(1 < cj/4. In our enumeration of neighborhoods ctij 
let r be the largest occuring radius among the first io elements. Finally let us 
choose e to be smaller than With these choices we have 



d s (G,H) = V — \p G (a t ) -p H (a t )\ = 
i=i 1 

io ^ oc ^ 

= ^2^\PG(ai)-PH{ai)\+ 2?\PG(<Xi) -PH(ati)\ < 

1—1 i—i -\-l 

<E^ 4dr ° £ + E ^<^/2 + ^/2 = c (1) 

i— 1 i—i + l 

that completes the proof. I 

3.2 The Decomposition Lemma 



Definition 3.1 A K-splitting of a convergent graph sequence G = {G n }^ =1 
with limit measure \i is a collection of K graph sequences G l — {G l n }^ =1 1 < 
i < K obtained by removing some edges from G that satisfies the following 
properties: 

a) G l n (1 < i < K) are vertex- disjoint spanned subgraphs of G n . 

b) lim^oo ^^y^Q*^ = for every i ^ j, that is the ratio of removed edges 
tends to 0. 
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c) For any 1 < i < K, lim^oo jy[ G "jj = o-i exists. 

d) Either lim„^oo — or {G"} is a convergent graph sequence with 
limit measure in. 

The exact same notion can be defined for sequences of C -graphs. 
Proposition 3.1 In a K-splitting X^. a .^ a * ' Mi = A 4 - 

Proof. Let H n = \jf =1 Gi be the graph obtained from G n by removing 
the neccessary edges. From part b) of the definition of a splitting we have 
that ed(G n ,H n ) — > 0, so by the Stability Lemma d s (G n ,H n ) — > hence 
H n also converges to ii. Now for a fixed neighborhood type a we have 
PH n (ct) = X) ' Pg { ( a )- The left hand side converges to ju(T(Grrf, a)), 

while each term on the right hand sides converges to <n ■ /U,(Gr<2, a), even if 
a,- L = 0. So /U = Y, a i ■ Pi- ^ 

Now let us consider the convex compact space Ic of invariant measures on 
CGr,i and the set of its extremal points, that is the set of ergodic invariant 
measures £Ic (note that £Ic is non-compact). 

Lemma 3.2 (The Decomposition Lemma) Let CG be a C-graph sequence 
that converges weakly to an invariant measure ll on CGr^. Let Z\,. . . ,Zl be 
a B or el-partition of £Tc- Then we have a K-splitting (CG 1 , . . . , CG K ) of CG 
such that fii G hull(Zi) whenever ai ^ 0. 

Proof. Let = it (Zj), where ir is the Borel-surjection in the Farrell- 
Varadarajan Theorem. The sets Yi are -Ec-invariant Borel-subsets of CGr^. 
Let ii denote the limit measure of CG. For any natural number M > one can 
approximate the partition {Yi}f =l with a slightly perturbed partition {Y i M }jL 1 
where 

• lim^oo fj,(YiAY^) = for any 1 < i < K. 

• Each Y t M is a closed-open set in the form 

lf = U^r(CGr^), 

where a) G V M ' d . 

That is if x G V(CG n ) then by looking at the M-neighbourhood of x and the 
colors of its edges one can decide for which 1 < i < K; x G T(CG n , Y { M ). Note 
that we use the notation T(CG„,r 4 M ) for U^l'f T(CG n , a*-)- Let dY™ denote 
the set of graphs X in Y^ M such that if we move the root of X to one of its 
neighbour the resulting rooted C-graph is not in Y { M . Since Yi is ^-invariant 
set and LL(Y t AY t M ) -> 0, we have liniM^ Li(dY t M ) = 0. Note that dY t M 
is still a closed open set in the form uf^T (CGr d , (3)), where [3] G V M+1 > d 
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Hence lim^oo pccJdY^) = ^{dY^). Observe that TiCG^dYf 1 ) is the set 
of vertices x G V{CG n ) such that x e T(CG n , Y t M ) but y <£ T(CG n , Y t M ) for a 
neighbour of x. Let 

Q M = {ae V M > d | fi(T(CGr d ,a) ? 0} 

R M = {ae V M " d | /x(T(CGr d , a) = 0} 

Since CG is a convergent C-graph sequence there exists a natural number um 
such that if n > nu then 

• Pc Gn (dY t M ) < v{dY t M ) + ± for any 1 < i < K. 

. (1 - l)/*(T(CGr d ,a)) < Pccja) < (1 + ^MT(CGr d ,a)) for any 
a e Q M - 



PCG n {a) < jj \ V M,d\ , 



1 for any a <E Rm- 
If n M < n < n M +i let us partition V(CG n ) as 



V(CG n ) = U? =1 V{CG^ M ) = uf =1 T(CG n ,YM) . 
According to our conditions on tim, if n > tim then 



\T(CG n ,a)\ 



\V{CG n ) 



M (T(CGr d ,a)) 



<—fi(T(CGr d ,a)) if a e Qm- (2) 



|T(CG n ,a)| 



l^(CG„)| 



< 



M \V M ^ d \ 



if a £ i?M- 



l<i,j<K 



|£(CG^ M ,GG£ M )| 



l^(CG„)| 



<ifdU(^ M ) + 



M 



(3) 
(4) 



Lemma 3.3 For any r > 1 and (5 > t/iere exists M > such that for any 
(3 e V r ' d andl<i<K if fi(Y t ) ^ then 



\T{CG^ M ,P)\ M (T(GGr d ,/3)ny,) 



\V(CGtl M )\ 



< <5. 



Proof. Let M > r. Then for any 1 < i < K and for any graph G, we have 
decompositions 

T(CG, (3) = Uf =1 ufif T(CG, a)) , 
where aj € ^ M ' d and uJfT(GG, aj) = T(CG, 3^ M ) n T(GG, Also 

T(CGr d ,/3) - ujLi Ufif r(CGr d ,aj) , 

and U^i"T(CGr«i,a5) = ^ M n T(CGr d , /?). 
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Since ^(T(CGr d , 0) n Y^ 1 ) -> /i(T(CGr d , 0) f)Y l ) by the estimates © and © 
one can immediately see that for any k > there exists M > such that if 
n > um and [3 s F r,d then for any 1 < i < K, where ju(li) ^ 0: 



V(CGli M ) n T(CG n ,0)\ »(T(CGr d , /3) n 



|v(CG„)|/i(yi; 



MY) 



< K 



(5) 



That is, if M is large enough then if n > um and £ V r,d then for any 
1 < i < K, where (J,(Yj,) ^ 0: 



mCGr* ) n T(CG„, /?)| M(T(CGr d , /3) n YJ) 



6 

<3 



(6) 



Hence it is enough to show that if M is large enough then for any 1 < i < K 

and j3 e V r ' d 



{V(CGli M ) n T(CG n , 0)) AT(CG* M , a)) 



(5 

<3 



(7) 



l^(G„)| 

Observe that if x e (V(GGj; M ) n T(CG„, /?))AT(CG^ M , /?)), then 

B r (x)nT(CG n ,dY™)^$ (8) 

Since ^^y^^ ~ < m(<9Y; M ) + for any 77 > one can choose large enough 
M so that 

\B r (T(CG n ,dYM))\ 

\V(G n )\ ~ h 

Therefore our lemma follows. I 

By our lemma if CG l n — CG]{ M , where um < n < um+i, lim n _»oo ^ 
then {CG l n }^ =1 is convergent and the limit measure is where /ij(f/) = 
^(y^ • ^ ne Farrell-Varadarajan Theorem 

j Y ir(x)dn(x) 



that is 



//,,■ 



pdv l {p) , 



where Vi is a Borel-probability measure on Zi. Thus /ii is the barycenter of z^, 
hence \ii £ hull(Zi). 1 



3.3 The Homogeneity Lemma 

Lemma 3.4 (The Homogeneity Lemma) Let < S < 1, < X < 1 be 

real numbers and let 6 < S be the constant in Remark \2.1[ that is if for two C- 
graphs d s (CG, CH) < 5' then d s (G, H) < 5 holds for the underlying graphs. Let 
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Z C £Ic, such that diam(Z) < |<5'. Let {CGn}^^ be a sequence of C- graphs 
converging to a measure fi supported on tt^ 1 (Z). Then there exists < e < 8 
and N > such that if n > N then the graph G n is (e, A, 8) -homogeneous. 

Proof. Suppose that the Lemma does not hold. Then we have a sequence of 
graphs {CG n }^ =1 such that G n are not (^, A, <5)-homogeneous. Thus CG n are 
not (1/n, A, <5')-homogeneous by the choice of 8'. Therefore for each CG n there 
is a spanned subgraph CH n C CG n such that it is not small: \V(CH n )\ > 
X\V(CG n )\, it has only few edges going out of it: \E(CH n ,CG n \ CH n )\ < 
\V(CG n )\/n, but still it is not similar to the big graph: d s (CH n , CG n ) > 8'. 

We may again choose a subsequence so that CH n , CG n \ CH n convergent 
C-graph sequences and jy[pg"]| is a convergent sequence of real numbers. The 

C-graphs converge to invariant measures fi[ , p![ G Z c while converges 
to some real number A < a < 1. Therefore we obtained a 2-splitting of the 
CG n sequence. By Proposition 13.11 we know that Ui = a ■ fi[ + (1 — a) ■ 
The splitting was chosen such that d s (CH n , CG„) > 6' , so in the limit we have 
dcGr d (tii, Mi) ^ ■ O n the other hand since /xi was entirely supported on 
w~ 1 (Z), the same must hold for and /i". Since Z has diameter strictly less 
than ij' by Lemma I2TT1 its convex hull has diameter less than 5'. This leads to 
a contradiction. I 



4 The proof of Theorem [T] 



Again, let 5' > be small enough such that for any two C-graphs and their 
underlying regular graphs d s (CG,CH) < 5' implies d s (G,H) < S. The space 
Ic is compact, hence it can be split into K = K (8) Borel pieces each of diameter 
strictly less than 8' /3. Let us denote by Zi the intersection of the i-th piece with 
£Tc- Let us suppose that for this choice of K there is no good choice for N and 
e. That means we have graphs G n with |l/(G n )| > n such that G n does not 
have the desired decomposition into pieces that are (1/n, A, 5)-homogeneous. 

Let {CG„}^ =1 be ( d 2 l_1 )-colorings of G n . By Theorem[2]we can assume that 
{CGn}^! converge to an invariant measure fi £ Ic- By the Decomposition 
Lemma we have a -ftT-splitting {CG n }fL 1 such that the limit measure /i^ of CG n 
(whenever at in the Decomposition Lemma is non-zero) is entirely supported on 
TT-^huU^i) C CGr d . 

Since in a X-splitting the ratio of deleted edges tends to 0, all but a finite 
number of the CG^'s are split by removing less than ^j|V(CG„)| edges. Let us 
further remove all edges from those parts CG n for which 

\V{CG n )\ 8 
|V(CG„)| " IQdK" 

and put these parts into CG n . The number of edges removed in this step is at 
most 10 S dK |^(GG„|, so in total we still have not removed more than S\V(CG n \ 
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edges. Lastly, the empty parts together clearly contain less than S\V(CG n \ 
vertices. 

We can use this partition of the sequence {CG n }^ =1 on the original graph 
sequence {G n }^ =1 to obtain a candidate for the partition required in the theo- 
rem: we didn't remove too many edges, all parts are big or empty and the empty 
parts are small altogether. Still our graphs are counterexamples to the theorem, 
so for each n, one of the non-empty parts must not be (1/n, A, <5)-homogeneous. 
This is in contradiction with the Homogeneity Lemma. 

Now we prove part (b). If we have two convergent graph sequences G n ,H n 
for which d s (G n ,H n ) — > then by our Theorem [2] there exist convergent d + 
1-colorings of them {CG n }^Li and {CH„}^ } =1 converging to the same limit 
measure \x. 

Now we can write \l = ^ a i^i an d partition G n and H n just as in the proof 
of part a). For a fixed index i the CG l n will converge to \n if a% > S/lOdK and 
will be empty otherwise. The same holds for the CH^'s. Hence for large n the 
same parts will remain non-empty, and they will both converge to /ij, while the 

ratios jy[gg"]j ; wn l both converge to a%. 

So if for a fixed a > the statment were false, we could choose a pair of 
graphs G n , H n which would provide a counterexample for r = 1/ra. However a 
convergent subsequence of these graphs would contradict the observation of the 
previous paragraph. Thus part b) follows. 
I 



5 The Coloring Theorem 

In this section we prove a folklore conjecture: a convergent graph sequence can 
be vertex- resp. edge-colored properly to obtain a convergent sequence of vertex- 
resp. edge colored graphs. This result is used in the proof of Theorem [TJ 

5.1 5-graphs and the space BGr d 

In this subsection we recall the notion of _B-graphs from 0]. Let B = {0, 1} N be 
the Bernoulli space of 0-1-sequences with the standard product measure v. A 
rooted £?-graph is a rooted graph G and a function tq : V(G) — > B. Two rooted 
B-graphs G and H are said to be isomorphic if there exists a rooted isomorphism 
ip : V(G) -» V(H) such that T H (ip(x)) = t g (x) for every x £ V(G). The set 
of isomorphism classes of all countable rooted £?-graphs with degree bound d is 
denoted by BGr^. 

Let U k ' r,d denote the set of isomorphism classes of rooted r-balls with degree 
bound d and vertices labeled with k (0,l)-digits. For a B-graph BG and a vertex 
x G V(BG) by B*!(x) G JJ k,r ' d we shall denote the rooted r-ball around x with 
the labels truncated to the first k digits. For any a G U k,r ' d and a i?-graph BG 
we define the set T(BG, a) = f {x G V(G) : B k (x) =b a] and define pbg(&) = f 
lT lv(G)f l - For a e uKr ' d let us define r ( BGl "rf> ") = G BGl V : B k (x) ^ a}. 
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Again, we have a natural metric on BGr^. If X, Y G BGr^ then 

d b (X,Y) =2- r , 

where r is the maximal number such that B^{x) = B^(y), where x is the root 
of X, y is the root of Y. The subsets T(Grd,a) : a G U k,r > d ,k,r G N are 
closed-open sets and generate the Borel-structure of BGr f /. 
Let {BGn}^^ be a sequence of B-graphs. We say that {BG n }^ = i converges if 
for any a G U k ' r ' d , lim n _ ) . O0 pbg„ (a) = [i(T(BGrd, a)) exists. In this case \i is 
a Borel-measure on BGr^. We call fi the limit measure of {BG n }^ =l . 
We can consider the Borel-set BGiv of such rooted B-graphs where all the 
vertex labels are different. Again, we have the natural equivalence relation on 
this B- graphs defined by a natural Borel group action (see [4]) making BGr^ a 
Borel-graphing (see Section^. The following proposition is the straightforward 
consequence of Proposition 2.2 and Corollary 5.1 of [4j. See also [I] Example 
9.9. 

Proposition 5.1 Let {G n }^ =1 be a convergent graph sequence. Let {BG n }^ =1 
be a uniformly random B -labelling of the vertices of G n . Then with probability 1 
{BGn}^ =1 converges to an Tb -invariant measure fi supported entirely on BGrd- 

Let 6i, 62, 63, . . . , bk be elements of B such that bi is everywhere zero accept in 
the i-th digit. We call a B- graph a B^-graph if all its vertex labels are from 
this set and any two adjacent vertex is labelled differently. Of course, the limit 
measure of such graphs are concentrated on those elements of BGr^ that are 
vertex labelled by elements of 61, 62, 63, . . . , We denote this compact subspace 

byBGr*. 

5.2 Borel-colorings 

According to the theorem of Kechris, Solecki and Todorcevic [3] we have a Borcl- 
coloring c of BGr^ by d + 1-colors. Note that this gives us a proper coloring of 
the vertices of each rooted i?-graphs with b\ 1 62, ^3, ■ ■ ■ , bd+i- Thus each vertex 
has two labels one from just B, the second is from the set b\, 62, ^3, ■ ■ • , bd+i- 
Now let \x be a measure on BGr^ then we associate a measure n c d +i 011 BGr^ 

concentrated on BGr^ +1 Indeed, let a G JJ dJrl,r,d+1 a rooted graph labeled only 
by the elements of b±, 62, 63, ... , Define [i d+1 (T(BGrd, a)) := r a , where r a 

is the //-measure of such rooted graphs G in BGr^ such that the d + 1-coloring 
of the r-ball around the root of G is just a. 

Proposition 5.2 Let {G n }^ =1 C Grj be a convergent graph sequence. Let 
{BGn}^ =1 be a random B -labelling of the graphs converging to a measure /j, sup- 
ported entirely on BGrd as in Proposition \5.1{ Let pL c d +i ^ e the associated mea- 
sure. Then there exist proper vertex colorings of the graphs by b\, 62, 63, . . . , bd+i, 
such that the resulting Bd+i-graphs {BG d+1 }^ =1 converge to ^ c d +i- 
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Proof. We denote by H d+lr ' d the set of rooted balls properly vertex-colored by 
the set {61, 62, ... , bd+i}- Clearly, it is enough to prove that for any r > 1 and 
e > there exist proper colorings of {G„}™ =1 by {bi, 62, . . . , b d +i} such a way 
that if n is large enough then 

|p Gn (7)-^+i(T(BGr d , 7 ))|<e (9) 

for any 7 G H d+1 > r ' d . Note that p Gn {l) = 'fyfcj l ' ■ where r ( G «>7) is the set 
of vertices x for which the colored r-neighborhood of x is rooted isomorphic to 
7. From now on we fix an r > 1 and an e > 0. 

For 7 G H d+1,r ' d let W 7 be the Borel-set of points in BGrj such that B r (x) is 
isomorphic to 7 under the c-coloring. Clearly 

BGr^ = U. e {fdti,r,dB^ 

form a Borel-partition. We approximate the Borel-sets W 1 by closed-open sets 
the following way. For each M > 1 let y 7 M = uf = M 1 ' 7 T(BGr d , af ' 7 ) where 

• for any 7 G H d+1 ' r ' d , n(W 7 AY™) < e(M) 

• Y™AY S M =0 if 7 ^(5 

• lim M ^oo e(M) = 0. 

Then Y 7 M are disjoint Borel-sets and fi(BGr d \ U^ eH d+i, r , d (T 7 M n W 7 )) < 
e(M)| J ff d+1 ^ d | . 

Note that we immediately have a (not necessarily proper) coloring cm : BGr^ — ► 
{61, 62, • • ■ , bd+2}- Simply, let Cm{x) = bi if x G T(BGr,j, a^ In ) and the color 
of the root of 7 is bi. Let cm(x) = bd+2 if x G BGr,j\ \J jeH d+i,r,d Y^ 1 . Thus 
cm is a step-function approximation of the Borel-function c depending only on 
the first M digits of the labels of the M-neighborhoods of the points. Observe 
that if x € U^ eH d+i, r ,d(Y^ 1 n W 7 )) then cm(s;) = c(x). Consequently, for any 

7 g H d+1 ' r < d , 

lim ^ 1 (T(BGr d , 7 )) = ^ +1 (T(BGr d , 7)). 

M— >oo 

That is if M is large enough, then 

| M ^ 1 (T(BGr d , 7 ))-^+i(T(BGr (i ,7)| < ^ 

for any 7 G H d+1 - r ' d . It is enough to construct of proper vertex colorings of the 
graphs {G n }^ =1 such that if n is large enough then 

\pcAl) ~ ^UTiBGvd,^ < ^, 

for any 7 G H d+1 > r > d . 

We call a G [/ M > M > d nice if a = af r > for some 7 G H d+1 < r ' d . Also, we call 
/? G U M < M+r > d nice if the following holds: 



15 



• if s G B r (x), where x is the root of /3, then /3m (s) is a nice element of 

jjM.M.d 

Here, (3 m denotes the restriction of (3 onto the M-ball around s. Notice that 
if a; € BGr d and x G T(BGr d ,/3), where (3 € U M < M+r > d is nice, then the c M - 
coloring of the r-neighborhood of x depends only on (3. Let ]\r M ' M+r,d be the set 
of nice balls and N^,M+r,d j g ^ e se t of those nice balls that the corresponding 
CM-coloring of the r-neighboorhood of the root is isomorphic to 7. Now pick a 
large enough M such that 

• 

l/i^VnBGr^)) - ^ +1 (T(BGr rf , 7 ))| < ^ for any 7 G i/^ 1 ^ 
£ M (T(BGr d ,/3))>l-^. 

fi£]\[M,M + r,d 

Then for any 7 G H d+1 > r ' d 

0<^ 1 (r(BGr d , 7 )) 

Now we construct our proper vertex-colorings of the graph sequence 
{G n }^Li- Let {BG n }^ =1 is a sequence of B-colorings such that {/ibg„}!JLi 
weakly converges to fi. Let M be the number determined in the previous para- 
graph. If p G T(BG n , a), a G Njr' M ' d for a certain 7 then let us color p by the 
color of the root of 7. We color the remaining vertices arbitrarily to obtain a 
proper coloring of the underlying graph G„. Then if n is large enough 

• \PbgM - »(T{BGr d ,0))\ < ^ for any (3 G N M > M+r < d . 

• The ratio of vertices x for which the M-neighbourhood of x is not nice is 

less than §. 

5 

Observe that if x G T(BG n , (3), (3 G N^' M+r ' d then in the vertex colored graph 
B r (x) will be isomorphic to 7. Therefore © holds if n is large enough. I 

5.3 Edge-colorings 

The goal of this subsection is to prove the following theorem. 

Theorem 2 Let {Gnj^Li C Graph d be a convergent graph sequence. Then we 
have colorings of the graphs by ( d colors such that the resulting graph se- 
quence {CG n }^_ 1 is convergent as well. In particular, if {G„}^L 1 and {i? n }^Li 
are two convergent graph sequences that have the same limit measure, then there 
exist colorings of the graph sequences {CGn}^^ and {CH n }^ =1 converging to 
the same measure on CGrd- 



- M(r(BGr d ,/3))<-l. 
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Proof. Let the graph H n be defined the following way. 
. V(H n ) = V(G n ) . 

• (x,y) € E(H n ) iix^y and d,G n (x,y) < 2. 

Clearly, {H n }^ =1 C Graph d2 is a convergent graph sequence. Thus, by our 
previous proposition we have convergent vertex-colorings of H n by the colors 
{b\, 62, ... , 6,j2_|_i}. Let 01, a2, ... , a /d 2+i\ be the set of pairs of different elements 

of {61, &2i ■ ■ ■ , frd2 +1 }. Color an edge (x, y) by a, if a, is the pair of colors of x and 
y in the vertex colorings of H n . Obviously, we obtain a properly edge-colored 
graph sequence {CG n }^ =1 and this sequence is convergent as well. I 

Note: Balazs Szegedy and Omer Angel informed us that they also proved part 
(a) of Theorem 1., using a different argument [7]. 
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